A second-order upwinding finite difference scheme for the steady Navier-Stokes equations in primitive variables in a driven cavity with a multigrid solver 
INTRODUCTION
Numerical solution of the Navier-Stokes équations for viscous incompressible flows is always of great interest in fluid dynamics. During recent years efforts have been made to obtain précise numerical solutions for large Reynolds numbers. The difficulties arise with the primitive variables formulation (or u -p formulation) for large reynolds numbers because of the hyperbolic-like behavier of the governing équations, and the treatment of the pression p and the incompressible condition div u = 0. The discretization of the nonlinear terms by centered finite différences is unstable when the mesh size is not sufficiently small, while the classical first-order upwinding disfferences is poor in précision. Thus, best numerical results for 2D problems published recently were often obtained with vorticity-stream function formulations.
In this work we study the discretization of the nonlinear terms of the steady Navier-Stokes équations in primitive variables by second-order uncentered finite différences. We use staggered grids in which the first component u of the velocity is discretized in the middle of the two vertical sides of each cell, the second component v in the middle of the two horizontal sides, and the pression p at the center of each cell. Usual centered différences are used for the linear terms in the governing équations and second-order upwindind différences are used for the nonlinear terms. By model problem analysis one can show that the resulting discret nonlinear system is stable for any mesh size and for any Reynolds number (the stability here means there's no numerical oscillation in the solution of the discret system). Multigrid methods (FAS, FMG) are used to solve the discret system, in which we employ the Symetrical Coupled Gauss-Seidel itérations (SCGS), proposed by S. P. Vanka [8] , as the smoothing operator. This algorithm is applied to the driven cavity problem which is a classical test problem for numerical solution of the Navier-Stokes équations. Numerical results are obtained for Reynolds numbers up to 10000 on different grids (up to 256 x 256), and are compared to those reported in [5] , [6] , [8] , in the case in which the région is the unit square. We present also numerical results obtained in rectangular régions with aspect ratios (height to width ratio) 1 : 2, 4 : 3 and 2:1, respectively. Comparisons are also made, in the case of the unit square, with a first-order upwinding scheme for Reynolds number R = 1 000.
Briefly, second-order upwinding finite différences combined with a multigrid solver provides an efficient method for solving the steady NavierStokes équations in primitive variables with large Reynolds numbers. This method can also be applied to 3D problems without modification.
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THE GOVERNING EQUATIONS AND THEIR DISCRETIZATION
The 2D steady viscous incompressible flows in a région fi <= R 2 satisfy the steady Navier-Stokes équations :
1 A du du dp ñ -Au + u -+ i; -+ -i-= 0 R bx dy dx 1 A dV dV dp rt R dx dy dy 9A: dy + boundary conditions where (u, v) is the (nondimensional) velocity, p is the (nondimensional) pression and R => 0 is the Reynolds number. x, y dénote the two space directions.
To discretize these équations, we use a classical staggered grid. Let h :> 0 be the mesh size. For any function 4>(x, y), §j jk dénotes <&(jh, kh) for ail (;\ k) e U 2 . We dénote by £l h the référence grid :
The grid at which are discretized the first component u of the velocity and the first équation is :
The grid for the second component v of the velocity and the second équation is : «*= {((;+^)*,**)|0",*)eZ 2 } nn.
The grid for the pression p and the third équation (the continuity équation) is :
The linear term of the équations are approximated by usual centered différences. We have : 4 "ƒ,* + £ -«;-l,* + î " M ; + l,Jfc + l ~uUk-\ -W/. Jk + l -(A«)/.* + i ~2 
(respectively, This kind of differencing always gives positive contributions to the diagonal of the discret system and thus ensures numerical stability.
Near the boundaries, when points who are not in fl have to be used, quadratic extrapolations are employed to calculate function values needed. Boundary conditions should be taken into account in these extrapolations.
MULTIGRID SOLVER FOR THE DISCRET NONLINEAR SYSTEM
The multigrid methods [2] are based on the fact that most classical itérative methods for solving a system of algebraic équations (obtained by discretization of differential équations), typically the Gauss-Seidel method, the Jacobi method and the LU incomplet décomposition method, reduce rapidly high frequency components of the error function (those whose wavelength is comparable to the mesh size of the grid used in the discretization), while the convergence is slowed down only by low frequency components in the error function. Because low frequency components of a function can be well represented by discretizations on coarse grids, by combining several grids of different mesh size, we can eliminate each séquence of error components at corresponding grid with a same itérative method and obtain rapid convergence. The itérative method used to smooth out solutions on each grid is called smoothing operator. For a review of the multigrid methods and their application to elliptic flow problems, we refer to [2] .
In present implementation, we use both F AS and FMG schemes. A séquence of mesh sizes h 0 , ..., h K such that h ï + 1 = -is used to produce a séquence of grids. The restriction and prolongation operators are constructed by either local averagings or bilinear interpolations (so they are all of second-order). The high-order interpolation operator used in FMG to compute an initial approximation on a grid from the solution calculated on a coarser grid is obtained by cibubic interpolations (or extrapolations near the boundaries) for the velocity and biquadratic interpolations (or extrapolations) for the pression.
For the smoothing operator, we have chosen the Symetrical Coupled Gauss-Seidel itérations (SCGS), proposed by S. P. Vanka [8] . For describing this method, we take a cell {(jh, kh), 
\ * /
It is solved by a direct method. Because of the nonlinearity of the original System, the new approximations obtained are underrelaxed by :
where p is a underrelaxation parameter (|3 e (0, 1)). This method has been applied as smoothing operator to the steady Navier-Stokes équations discretized by a hybrid finite différence scheme (combination of centered and first-order upwinding différences) by Vanka [8] and has been shown to have rapid convergence, especially for large Reynolds numbers. Our numerical expérience showed that it is also an efficient smoothing operator for the second-order upwinding finite différ-ence scheme.
NUMERICAL RESULTS FOR FLOWS IN A DRIVEN CAVITY
We apply the second-order upwinding finite différence scheme to the driven cavity problem. It concerns flows in a rectangular région with the top side moving at a constant velocity. The boundary conditions are described by figure 1. This is a model problem for testing the efficiency of numerical schemes in fluid dynamics. Many results for this problem obtained with different formulations and different methods have been published. But until recently, these results were not accurate for large Reynolds numbers (s= 400). Most calculations were made with stream function-vorticity formulations. Best results obtained with the velocity-pression formulation for Reynolds numbers up to 2000 were probably those reported by S. P. Vanka in [8] , who used a hybrid finite différence scheme on the convection terms (combination of first-order upwinding and second-order centered différ-ences) and a multigrid solver.
Since we have not yet studied the optimal implementation of the multigrid solver, we are not going to discuss the efficiency of the multigrid solver. Our
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Mathematical Modelling and Numerical Analysis principal objective hère is to present quantitative results obtained with the second-order upwinding scheme. We mention only that the computations with the second-order upwinding scheme take no many more CPU times than with a classical first-order upwinding scheme (obtained by replacing the second-order upwinding différences by first-order upwinding différences in the discretization of the convection terms) and with the same multigrid solver. 
Case of a Square Cavîty
Consider the case in which the computational région is the unit square (0, 1) x (0, 1). The control of passages between different grids in the FAS algorithm is identical to that used in Vanka [8] . The finest grid used is 256 x 256 and the coarsest one is 2 x 2. The underrelaxation parameter (3 is set to 1 for R = 100 and 0.1 for R = 10 000.
We are especially interested in the extrema of u and v velocities along the geometrie (vertical and horizontal) centerlines of the cavity, the location of the center of the three principal vortices and the corresponding value of the stream function W at these centers, on which many comparable results have been published. These vortices are the central vortex (called principal vortex), the most important vortex in the lower-left corner of the cavity (called left subvortex) and the most important vortex in the lower-left corner of the cavity (called left subvortex) and the most important vortex in lower-right corner (called right subvortex).
Comparisons with a First-order Upwinding Scheme
We first compare numerical results with those obtained by a classical firstorder upwinding scheme in which the discretization of the nonlinear terms is replaced by first-order upwinding finite différences. For example, the term u -is discretized by : ox
The resulted discret system is solved by the same multigrid solver. Table 1 gives the underrelaxation parameter p and corresponding CPU times. The computations are effectuated with the FMG scheme. The convergence criterion is fixed at 10~4 on the residu of the discret system (in L 2 norm). The CPU times given in the table are those on an SPS-7 (whose executing speed is about 1/50 of that of IBM 3090). From these tables and figures we see that the second-order upwinding scheme takes no many more CPU times than the corresponding first-order upwinding scheme but gives many more accurate results.
Numerical results and Comparisons with Other Auhors
At present time, the structure of flows in a square cavity is already wellknown. So we present our results without comment. These results are obtained on the 256 x 256 grid with the second-order upwinding scheme and the FMG solver. They are summarized in Tables 3-4 
Flows in Rectangular Cavities
The computational région is the rectangle (O,A)x(O,B) with A =£ B. Few results have been published for this problem and none of them was accurate enough to be quantitative. So numerical results presented here can be used for later comparisons. Only the FAS scheme is implemented in which the V-cycle is used with 2 pre-reiaxations and 1 post-relaxation on each grid. The SCGS itérations are effectuated in a symétrie way : each itération contains two sweeps on the cells of the référence grid with the first one in alphabetical order and the second one in the reverse order. The coarsest grid is 10 x 5, 3x5 and 5 x 10 respectively for the 3 cases. 
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We give numerical results for R = 100, 1 000 and 5 000. The underrelaxation parameter p, the number of V-cycles performed, the final residu (in L 2 norm) of the discret équation and the CPU time for each F-cycle (on an SPS-7) are summarized in table 5. In Table 6 
COMCLÜDING REMARKS
The second-order upwinding finite différence scheme presented in this paper is a very efficient one for solving the steady Navier-Stokes équations with large Reynolds numbers in the velocity-pression formulation, It is of second-order accuracy and very stable. The multigrid technique is a powerful tooi for solving the discret system and the SCGS itération proposed by S. P. Vanka pro vides a good smoothing operator for the multigrid solver. Numerical solutions obtained with this scheme are comparable to those obtained with second-order finite différence schemes based on stream function-vorticity formulations, both on précision and on computation time. The essential advantage of this scheme with regard to those based on the stream function is its direct applications to 3D flows and to flows with complex engineering geometries.
For the driven problem, we have obtained numerical solutions for Reynolds numbers up to 10 000. With the same MG solver and a hybrid finite-difference scheme for the descretization of the convection terms, Vanka, in [8] , has declared to have difficultés with R = 5 000. We think that this discrepancy may be due to the fact that the hybrid différence scheme (combination of centered and first-order upwinding différenciations) is less stable than the totally decentered differentiations used in this work. 
